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Abstract. We prove that for every k, there exists Cfc > such that every graph G on n vertices 
not inducing a path Pk and its complement Pk contains a clique or a stable set of size n Cfc . 



An n-graph is a graph on n vertices. A class C of graphs (i.e. closed under induced subgraphs) 
is said to satisfy the Erdos-Hajnal property if there exists some c > such that every n-graph of C 
contains a clique or a stable set of size n c . The Erdos-Hajnal conjecture [6] asserts that every strict 
class of graphs satisfies the Erdos-Hajnal property, see [4] for a survey. This fascinating question 
is even open for graphs not inducing a cycle of length five. When excluding a single graph H, 
Alon, Pach and Solymosi showed in [2] that it suffices to consider prime H (i.e. without nontrivial 
modules). A natural approach is then to study classes of graphs with intermediate difficulty hoping 
to get a proof scheme which could be extended. A natural prime candidate to forbid is certainly 
the path. Chudnovsky and Zwols studied the class of graphs not inducing the path P^ on k 
vertices nor P^. They proved the Erdos-Hajnal property for P$ and P^-fiee graphs [3]. This was 
extended for P5 and i-7-free graphs by Chudnovsky and Seymour [5|. We show in this note that for 
every fixed k, the class Ck satisfies the Erdos-Hajnal property. An n-graph is an e-stable set if it 
has at most eQ) edges. The complement of an e-stable set is an e -clique. A stronger version of the 
following result was proved by Rodl |12| : 



Theorem 1. For every positive integer k and every e > 0, there exists 5 > such that every n-graph 
G satisfies one of the following: 

• G induces all graphs on k vertices. 

• G contains an e-stable set of size at least 5n. 

• G contains an e- clique of size at least 5n. 

Proof, (sketch) Note that by choosing 5 small enough, we can assume that G is arbitrarily large, since 
a single vertex is certainly an e-stable set. Let k' and k" be two integers such that max(fc,2/e) <C 
k' <C k" . Select now some e' > such that e' <C min((l/fe") 2 , (e/2) k ). Applying Szemeredi's lemma, 
there exists M for which every large enough graph has an e'-regular partition with at least k" parts 
and at most M parts. We consider such an e'-regular partition P of G. Since s' is small enough, 
there are k" classes of P forming pairwise e'-regular pairs. Since k" 3> k' (precisely, providing that 
k" is at least Ramsey(fe', k', k')), we can find k' of them with all pairwise densities, either less than 
e/2, or between e/2 and 1 — e/2, or more than 1 — e/2. The first case gives an e-stable set of size 
Sn, where 5 is k'/M. The last case gives an e-clique of size Sn. Since k < k', the intermediate case 
provides k parts such that all pairs are e'-regular with densities between e/2 and 1 — e/2. Thus one 
can induce all possible graphs by choosing one vertex in each of the parts since e' <C (e/2) fc . □ 

Note that another proof of Theorem Q] was then provided by Fox and Sudakov [9] , with no use of 
the regularity lemma, consequently giving a better constant 5 = 2~ 15fe ( log ( 1 / £ )) . 

In a graph G, a complete (.-bipartite graph is a pair of disjoint subsets X, Y of vertices of G, both 
of size £ and inducing all edges between X and Y. We define similarly empty i-bipartite graph when 
there is no edge between X and Y. Observe that we do not require any condition inside X or inside 
Y. Erdds, Hajnal and Pach proved in [7] that for every strict class C, there exists some c > such 
that every n-graph in C contains an empty or complete n c -bipartite graph. This "half" version of 
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the conjecture was improved to a "three quarter" version by Fox and Sudakov jS], where they show 
the existence of a polynomial clique or empty bipartite graph. It was proved that getting linear 
complete or empty bipartite graphs is enough to prove the full version: 

Theorem 2 ([UdO]). If C is a class of graphs for which there exists c > such that every graph G 
of C has an empty or complete c.n-bipartite graph, then C satisfies the Erdd's-Hajnal property. 

Proof, (sketch) Let d > such that c c > 1/2. We prove by induction that every graph G of C 
induces a P^-free graph of size n c . By our hypothesis on C, there exists, say, a complete c.n-bipartite 
graph X, Y in G. Applying the induction hypothesis inside both X and Y, we form a P^-free graph 
on 2(c.n) c > n c vertices. The Erdos-Hajnal property of C follows from the fact that every Pj-free 
n c '-graph has a clique or a stable set of size at least n c 'I 2 . □ 

Before going to our main result, we state an intermediate result. If d{x) is the degree of the 
vertex x, its closed degree d(x) is d(x) + 1, corresponding to the size of its closed neighborhood N[x], 
that is to say {x} U {y\xy € E}. 

Theorem 3. Let n > 2 be an integer, c, e £ [0, 1] and G be a connected n-graph. Assume that G 
contains no empty c.n-bipartite subgraph and that every vertex x has closed degree d(x) < e.n. Then 
for every vertex x, there exists a path P^ starting in x with k > 2 ( £ + c ) • 

Proof. We follow the lines of Gyarfas' proof of the x-boundedness of P^-free graphs, see |llj . First 
assume that 3c + e > 1. In particular, 2 ( e + c ) — 1' ^° conc hide, observe that every vertex is incident 
to a P2 (an edge) in a connected graph of size at least 2. From now on, assume that 3c + e < 1. 
Let a; be a vertex, U be the set V \ N[x], and C\ be the largest connected component of G[C/]. We 
distinguish three cases: 

• if \C\\ > (1 — e — c).n: let y £ N[x] having a neighbor in C\, and G' = G[{y} U C\]. 
Apply the induction hypothesis to G 1 containing no empty c'.n'-bipartite subgraph with 
n' = \G'\ > (1 — £ — c).n and d = c/(l — e — c). Moreover, every vertex x of G' has closed 
degree d(x) < e'.n' with e' = e/(l — e — c). Then, by induction, there exists a path Py 
starting in y with k' > 2(e^+c') = 2(e+c) ~ 2' Augmenting the path by x gives a path of 
length k' + l>^. 

• if c.n < \C\\ < (1— E— c).n: then (C±, U\C\) is an empty c.?i-bipartite graph, a contradiction. 

• otherwise \C\\ < c.n: then U is divided into small connected components that we can split 
into two parts, each of size at least c.n (this is possible because the total size of U is at least 
3c. n, due to 3c + e < 1). This forms an empty c.n-bipartite graph, a contradiction. 

□ 

We now have all the tools for our main result: 

Theorem 4. For every k, there is a c^ > 0, such that every graph in contains an empty or 
complete c^.n-bipartite graph. Thus, by Theorem^ the class satisfies the Erdos-Hajnal property. 

Proof. Let e > be some small value. By Theorem [TJ there exists 5 > such that every graph G 
not inducing or P/% does contain an e-stable set or an e-clique of size at least 5n. Free to consider 
the complement of G, we can assume that G contains an e-stable set S of size 5n. We start by 
deleting in S all the vertices with degree in S more than 2es where s is the size of S. Since the 
average degree in S is at most es, we do not delete more than half of the vertices. We still call S 
the remaining subgraph which is a 2e-stable set of size s > 5n/2 with maximum degree at most 2es. 
Let c G [0, 1] be a small constant. If S contains no empty as-bipartite subgraph, we apply Theorem 
[3] and get a path P/y with k' > 2(2e+c) • Choosing e and c small enough leads to a contradiction to 
G not inducing a P^. Thus G contains an empty c5/2.n- bipartite graph. □ 
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